The energy and entanglement spectrum of fractionally filled interacting topological insulators exhibit a peculiar manifold of low energy states separated by a gap from a high energy set of spurious states. In the current manuscript, we show that in the case of fractionally filled Chern insulators, the topological information of the many-body state developing in the system resides in this low-energy manifold. We identify an emergent many-body translational symmetry which allows us to separate the states in quasi-degenerate center of mass momentum sectors. Within one center of mass sector, the states can be further classified as eigenstates of an emergent (in the thermodynamic limit) set of many-body relative translation operators. We analytically establish a mapping between the two-dimensional Brillouin zone for the Fractional Quantum Hall effect on the torus and the one for the fractional Chern insulator. We show that the counting of quasi-degenerate levels below the gap for the Fractional Chern Insulator should arise from a folding of the states in the Fractional Quantum Hall system at identical filling factor. We show how to count and separate the excitations of the Laughlin, Moore-Read and Read-Rezayi series in the Fractional Quantum Hall effect into two-dimensional Brillouin zone momentum sectors, and then how to map these into the momentum sectors of the Fractional Chern Insulator. We numerically check our results by showing the emergent symmetry at work for Laughlin, Moore-Read and Read-Rezayi states on the checkerboard model of a Chern insulator, thereby also showing, as a proof of principle, that non-Abelian Fractional Chern Insulators exist.
INTRODUCTION
Band theory formed the foundation of solid state physics for the past century. The theory analyzes the onebody motion of electrons through a crystal and obtains their wavefunctions as Bloch states dependent on a crystal momentum which takes values in a space equivalent to a d-dimensional torus (in d dimensions). Insulators hold a special place in band theory: at a first look, they are its most boring aspect, having a full gap between occupied and unoccupied bands, no low-energy excitations, and hence no interesting properties at zero temperature. This viewpoint permeated the physics of much of the last century, but is, as we now know, untrue. The space of the eigenvectors of the Bloch Hamiltonians can be thought of as a unitary matrix, which in the case of insulators exhibits several gauge symmetries related to permutations of the occupied and un-occupied bands, thereby creating a complex manifold. The Hamiltonians can be regarded as maps from the Brillouin zone (BZ) to these manifolds, which, as mathematics teaches us, can be nontrivial. Anytime an insulator with a nontrivial map (Hamiltonian) is placed in the vicinity of the vacuum, gapless edge or surface states appear on the boundary and cross the energy space between the valence and conduction band. One of the first examples of such behavior was Haldane's Chern insulator model on the graphene lattice [1] . This model exhibits the physics of the Integer Quantum Hall (IQH) effect but does not have an overall applied magnetic field, thereby preserving the translational symmetry of the initial lattice. The IQH does not require any discrete symmetry to exist. The field of topological insulators has further evolved to include other symmetries such as time-reversal [2] [3] [4] , charge conjugation and point-group symmetries.
Most of the research on topological insulators has focused on one-body electron Bloch physics. While several interesting works on insulators with interactions exist [5] [6] [7] , most of them focus on obtaining a mean-field state with topological properties through interactions. Recently, it has been proposed and substantiated [8] [9] [10] that fractionally filled bands of Chern insulators at 1/3 and 1/5 filing can exhibit an incompressible state in the same universality class as the Abelian 1/3 and 1/5 Fractional Quantum Hall (FQH) states. This state was dubbed the Fractional Chern Insulator (FCI). Its appearance is quite surprising, as the FQH and FCI problems vary considerably in several important ways, in the lack of a constant Berry curvature in the FCI, its large lattice filling, the absence of holomorphic and anti-holomorphic (z, z * ) structures in the lowest band and the presence of Umklapp processes that favor density wave states.
In a previous paper we have shown that the groundstate of the interacting 1/3 fractionally filled band with Chern number 1 of the checkerboard Hamiltonian supports a 3-fold degenerate groundstate separated by a gap from the excited states and which is a featureless liquid with momentum orbital occupation number 1/3. We showed that the spectrum of quasiholes (spectrum at lower filling) by a gap separated into two manifolds: a high energy uninteresting 2 set of spurious states, and a low-energy set of quasiholes whose counting empirically matches that of the quasihole states in an Abelian ν = 1/3 filling FQH state. Similar results were obtained for the particle entanglement spectrum [11] , a procedure used to obtain the topological part of the excitation spectrum directly from the groundstate wavefunction [12] . In the FCI, we have empirically found that the counting of states in the lower energy manifold, be they groundstates or quasiholes, exhibits a peculiar, yet un-determined structure. On a finite size N x × N y lattice, a translationally invariant Hamiltonian for N e electrons has a spectrum classified by total many-body lattice momenta Ne i=1 k ix ( mod 2π) and Ne i=1 k iy ( mod 2π), with each particle momentum k ix,y taking values 2πj/N x , 2πl/N y , j = 1 . . . N x , l = 1 . . . N y . We have found that the counting of states in the low energy (or entanglement energy) manifold per momentum sector exhibits multiple degeneracies, although the states themselves are not degeneratethere are no other exact degeneracies besides the point-group enforced ones, such as inversion. In many cases, we have found that an empirical Pauli principle borrowed from the FQH physics can sometimes (but not always) explain the degeneracies observed. While the degeneracy of some model wavefunctions has been worked out for the FQHE on a lattice [13] , these results cannot be applied to the FCI.
Our prior analysis strongly suggests the existence of an emergent symmetry for FCI's at rational filling factors. In the present manuscript we show that such a symmetry is a many-body translational symmetry of the type exactly present in the FQH effect. We show analytically that, if the FCI state is in the same phase as the FQH state (including in the presence of quasiholes), the spectrum separates into quasi-degenerate center of mass sectors which exhibit identical counting. Within each center of mass sector, the Hamiltonian eigenstates can be further classified as eigenstates of an emergent (in the thermodynamic limit) set of many-body relative translation operators. Using the recently obtained Girvin-MacDonald-Platzman (GMP) [14] algebra for Chern insulators [15] for the one-body density operators in the valence band, we build a set of many-body relative translational operators which diagonalize the Hamiltonian eigenstates in the lower manifold in the thermodynamic limit. We then establish an analytic mapping between the counting of zero-mode states in the FQH 2-D BZ on the torus (quasiholes) and that of the FCI levels in the low-energy manifold. We show that the counting of quasi-degenerate levels below the gap for the FCI should arise from a folding of the zero-mode states in the Fractional Quantum Hall system at identical filling factor. In the process, we show how to count and separate the quasihole excitations of the Read-Rezayi (RR) [16] series in the Fractional Quantum Hall effect into two-dimensional BZ momentum sectors, and then how to map these into the momentum sectors of the FCI. We provide numerical verification for our analytic results by checking the emergent symmetry at work for Laughlin [17] , Moore-Read (MR) [18] and RR [16] states on the checkerboard model of a Chern insulator: we predict, from the FQH quasihole counting plus our FQH to FCI analytic mapping, the number of non-Abelian quasiholes per momentum sector in the FCI, and then check that it matches the numerical data obtained by exact diagonalization for large system sizes. Our work then also shows, as a proof of principle, that Non-Abelian FCIs exist. The emergence of the low-manifold of states with folded FQH counting can be regarded as both a consequence as well as an imprint of the existence of the topological phase. Its existence is rather mysterious, as the Girvin-MacDonaldPlatzman one-body algebra from which the many-body generators are built is not valid at large momentum [15] and is not in one-to-one mapping with the algebra of the continuum FQH problem.
The paper is organized as follows. In section 1 we analyze the interacting Landau level problem on the torus in the continuum and obtain the set of many-body relative and center of mass symmetries that can classify the interacting spectrum by two-dimensional BZ of N × N momenta where N = GCD(N φ , N e ). GCD stands for greatest common denominator, N φ is the number of fluxes that pierce the FQH torus due to the presence of the magnetic field, while N e is the number of electrons. This section has no new material, most of the end results having been obtained by Haldane in a classic PRL [19] , but it does derive the physical equations in much greater level of detail. We then re-formulate the translational symmetry in terms of density operators, allowing a closer analogy with the FCI. We also explicitly show how to implement the many-body symmetries to build the FQH Hilbert space. Section 2 describes the counting of the zero modes of several pseudopotential Hamiltonians per two dimensional BZ momentum. We focus on the Read-Rezayi series and show how the generalized Pauli principle that allows the counting of the quasihole states in the one-dimensional orbital space on the torus can be tuned to give the counting of zero modes in the two-dimensional BZ. As such, resolving the zero-modes (quasiholes) of model Haldane pseudopotential Hamiltonians in the 2D BZ becomes a combinatorics problem of counting partitions. In Section 3 we first re-derive the commutator algebra of the projected densities in the lowest band of the Chern insulator on a N x × N y lattice first derived in [15] which reduces, in the long wavelength limit to the GMP algebra for the FQH effect for N φ = N x · N y . We show that the non-commutativity of the projected densities which gives rise to the GMP algebra is a requirement in the Chern insulator, while in the trivial insulator the projected densities are adiabatically continuable to commuting variables in the atomic limit. We then show that the existence of a GMP algebra superimposed on a lattice of N x × N y sites implies the existence of many-body relative translational operators which classify many-body states by a 2-dimensional momentum in a reduced BZ of GCD(N x , N e ) × GCD(N y , N e ) momenta. If the FCI phase is identical to that of the FQH, there is an emergent, center of mass degeneracy of N x /GCD(N x , N e ) in the x direction and N y /GCD(N y , N e ) in the y direction. We show that the counting of states in lower energy manifold of the FCI is a folding of the counting of zero-modes in the N × N BZ of the FQH times the difference between the center of mass degeneracies. We establish the analytic mapping between the FQH and FCI counting, and give several examples of this counting for several Abelian and non-Abelian RR states based on the generalize Pauli principle. We refer the reader versed in FQH translational symmetries to read this section and look at Figures [2, 3, 4] for a simple understanding of how the FQH-FCI map works. In section 4 we engage in extensive numerical calculations of both energy and entanglement spectra that show the existence of Laughlin, MR and Z 3 RR states on the checkerboard model [20] of the Chern insulator. We then show that the counting of quasihole states per momentum sector obtained in numerics matched the one derived by our analytic map for all our large set of data and parameters (lattice aspect ratios, electron numbers) tried. Up to the largest sizes available on today's computers, the numerical data supports our analytic result.
MANY-BODY SYMMETRIES OF THE INTERACTING ELECTRONS IN A MAGNETIC FIELD
In this section, we aim to analyze the symmetries of the interacting Hamiltonian of electrons on a two-dimensional torus in the presence of a magnetic field and electron-electron interactions:
with Π j = −i ∇ j − eA(r j ) = −i ∇ j + |e|A(r j ) the canonical momentum in the presence of a magnetic field. N e is the number of electrons in the system. We choose not to gauge-fix, and have ∇ × A = B. The positions of the particles,
The Hamiltonian is periodic under translations by these vectors, V ( r i − r j ) = ( r i − r j + L 1,2 ) and can be written as a sum over the allowed reciprocal vectors q:
where A = | L 1 × L 2 | is the area of the unit cell, and q = m q 1 + n q 2 , m, n ∈ Z and
Aẑ × L 1 . We now analyze the single and many-body translational symmetries of the above Hamiltonian.
Guiding center coordinates and translational symmetries of the 1-body problem
We first consider N e = 1 problem and try to find the symmetries of the 1-body problem. A perfectly good translational operator could be e i a· Π -which would translate the single-body wavefunction by a. However, this operator does not commute with the Hamiltonian because
(where F αβ = ∂ α A β − ∂ β A α is the (magnetic) field strength applied on the sample). Hence the Hamiltonian wavefunctions cannot acquire quantum numbers under this operator and one finds an operator which commutes with Hamiltonian:
where l = /eB is the magnetic length. The commutation relations read:
where we have used B θ = 1 2 θαβ F αβ as the uniform magnetic field applied on the sample. By direct calculation, we have for the commutators:
4
K is called guiding center momentum. Hence the operator that implements the magnetic translation is
If translations by different vectors would mutually commute, we could form momentum eigenstates of the system. However, they do not. 
This is called the magnetic translation algebra. This algebra leads to the quantization of flux passing through the lattice: going around the unit cell must give us the identity (same condition as commutators of L 1 , L 2 translations must commute). We now particularize (without loss of generality, since one can always deform the BZ to a rectangle) to
Hence L x L y = 2πl 2 N φ or, for a non-rectangular lattice,
N φ is the number of magnetic flux quanta passing through a unit cell. As a spoiler for the Chern insulator section, notice that this is the same as the number of sites N s on a square lattice with lattice constant a 0 = √ 2πl 2 and number of sites in the x direction L x /a 0 and in the y direction L y /a 0 . Hence the magnetic field to Chern insulator lattice analogy is:
Many-Body Translational Symmetries
We now focus on the interacting problem. The many-body problem is characterized by translation operators for each i'th particle, T i ( a). Translational operators of different particles commute:
Physical quantities are invariant under magnetic translations of any particle i by a linear combination of multiples of L x , L y :
Following Haldane [19] , primitive translations L mn are those for which λ L mn , 0 < λ < 1 are not lattice vectors -hence (m, n) have no common divisors. Choose a potential V (r + L a ) = V (r) such that the whole Hamiltonian commutes with the translation operators T i ( L 1 ), T i ( L 2 ), for each particle i = 1 . . . N e . This means that the wavefunctions of the Hamiltonian are eigenstates of the translation operator up to a phase:
where i is the particle index, j = 1, 2 and θ i j are the eigenvalues. In the wavefunction ψ α ( r i ), we have suppressed the position of all other particles but the i'th, as they do not get translated by T i . Let T i ( L mn ) be the translation operator that translates the i'th particle by the primitive translation L mn = m L 1 + n L 2 :
The eigenvalue θ i mn , which we will encounter again, can be expressed in terms of the eigenvalues of the primitive translations by iθmn : the eigenvalues of the translation operators for particle i do not depend on the particle chosen. The Hilbert space of the problem is separated in different sectors labeled by θ 1 , θ 2 . At this point, the analysis of the symmetries of the problem under translational invariance by each particle has run its course. Haldane [19] showed how to now introduce the many-body formalism for the translation operators. We expand his description in detail below.
Consider N e electrons on a torus pierced by N φ fluxes, such that the filling factor ν = N e /N φ is a rational number p/q, with (p, q) = 1 relatively prime. Let N e = pN , N φ = qN where GCD(N e , N φ ) = N . One thing we can hope from a many-body formulation of the translation operators is to separate the many-body problem into its center of mass part and a relative coordinate part. The center of mass operator moves each and every particle by the same amount:
The center of mass translation by an arbitrary quantity commutes with the Hamiltonian but does not commute with the single-particle translation operators T i ( L j ) and hence does not keep us in a Hilbert space specified by θ 1 , θ 2 . To find the center of mass operators act within the same Hilbert space, we look for all a for which the center of mass operator T CM ( a) commutes with every T i ( L j ). Since operators of different particles commute, this is tantamount to imposing the constraint:
Hence the condition for vanishing commutator isẑ · ( a × L j ) = 2l 2 πr. Since L 1 , L 2 span the 2-D plane, it is clear that any vector in the plane can take the form a = α L 1 + β L 2 where α, β are real numbers. Taking j = 2 in Eq [17] we have:
Hence α = r/N φ , and similarly -by taking j = 1, for β. Hence the most general center of mass motion which leaves the system invariant is T CM ( L mn /N φ ). All other forms of center of mass translation change the Hilbert space of the system.
Our purpose now is to separate the motion of the system into a center of mass motion and a relative motion of the particles. Towards this, Haldane [19] defined the relative translation operatorT i acting on particle i so that the motion of that particle is compensated by the motion of all other particles in the opposite direction:
Since T i ( a)T i (− a) = 1, the relative translation operator of the system has the property that Ne i=1T i ( a) = 1. Wheñ T i ( a) applied to a function of r i − r j (i = j), it translates the function by a; when applied to a function of r j − r k (k, j, = i), it does nothing. Due to the periodicity of the interaction term, onlyT i ( L mn ) commute with the Hamiltonian. We have introduced the center of mass operator and the relative translation operator, so it seems natural that the total translation operator factorizes in a product of the two:
Ne−1
The relative translation operator commutes with any center of mass translation for any a, b:[T i ( a), T CM ( b)] = 0, a clear indication that both of them are diagonalizable at the same time. To review the bidding, we have introduced center of mass translations T CM ( a) which commute with the Hamiltonian, found the ones (T CM ( L mn /N φ )) which commute with the single particle translation operators T i ( L j ) -even though, as we will see, the T CM ( L mn /N φ ) do not necessarily commute between themselves and found the relative momentum operators which commute with the Hamiltonian and with the center of mass translations. We would like to simultaneously diagonalize the relative translation operators and the Hamiltonian, and are hence after the maximal set ofT i ( a) which commute with each other [T i ( a),T j ( b)] = 0 and which act in the same Hilbert space, i.e. which commute with T j ( L mn ). What are the a, b that satisfy these equations? To solve these constraints, it is simple to expand a = α L 1 + β L 2 , which is always possible, with α, β real numbers. From the commutator or relative translations with the single particle translations of primitive lattice vectors, we have, for j = i:
Hence we find:
2 r where r is an integer. To find the constraints on α, β, we can pick
(Ne−1)
Ne N φ β = r. As we are at filling N e /N φ = p/q, we have: (N e −1)qα = pr, (N e − 1)qβ = pr where r is any integer. Also from the commutator or relative translations with the single particle translations of primitive lattice vectors, for j = i, we have:
The conditions the above equation gives are: qα = pr, qβ = pr where r is any integer, consistent with, but more restrictive than the first set of conditions. We now impose the condition that the 0 = [
we have:
Ne αβN φ = r and hence (N e − 1)qαβ = pr for r some integer. For i = j we have:
and hence (by takingT j ( b)T i ( a) and requiring the vanishing of the commutator), we must setẑ
we have qαβ = pr. We now bring the four sets of constraints on α, β together. The conditions for the set a for which the relative translation operators commute between themselves and commute with the T i ( L mn ) are: qα = pr 1 , qβ = pr 2 , qαβ = pr 3 , r 1 , r 2 , r 3 ∈ Z If q is a prime number, then we can show that α, β = p: we substitute α, β from the first two equations in the third to obtain pr 1 r 2 = qr 3 . Since p, q are relatively prime then r 3 = pr and r 1 r 2 = qr where r ∈ Z. But since q is prime, then r 1 r 2 = qr implies r 1 = qr where r ∈ Z (or vice-versal for r 2 ). We then plug this in qα = pr 1 to obtain α = pr and so α is an integer proportional to p. The smallest value (which gives the largest set of a = α L 1 ) of this is α = p. Then qβ = r 3 = pr and hence β = p. The set of vectors a for which relative translation operators commute with each other and with the single particle momenta is a = p L mn if q is a prime number. In passing, we note that if q is not a prime, other possibilities arise for the set of maximally commuting relative translations. The simplest case is to assume q = q 2 1 , i.e. q is a perfect square, but same situation occurs whenever q is not prime. Then if we choose α = β = p/q 1 we have r 1 = r 2 = q 1 , r 3 = p -all integers and hence the relative translation operators commute with themselves and with the one-body translation operators by L mn . This then gives a = p q1 L mn . This, however, corresponds to a different choice of resolving the groundstate center of mass degeneracy, as will be now shown. The center of mass operators T CM ( L mn /N φ ) commute with the the T i ( L mn ) but not between themselves (so they cannot all be simultaneously diagonalized): As a hint of the q-fold degeneracy of the spectrum, for q a prime number, we see that
Moreover, if q is not a prime number, and it is, for example, a perfect square q = q 2 1 , we see that a set of mutually commuting operators is T q1 CM ( L mn ). We now try to diagonalize the maximum commuting set of relative momentum operatorsT i (p L mn ) which commute with themselves and also with the T i ( L mn ) operators. We would like to find its eigenvalues, labeled by a 2-momentum k. Following Haldane, we make the assumption that the many-body state (which is an eigenstate ofT i (p L mn )) experiences, when acted on by Ne i=1 exp(i Q · r i ), an increase in its momentum by Q, as long as Q is a reciprocal lattice momentum exp(i Q · L mn ) = 1. In other words, let the eigenstates ofT i (p L mn ) be ψ( k) , with eigenvalue λ k
By applyingT i (p L mn ) on the i e i Q· ri ψ( k) we obtain:
We have then λ k+ Q = λ k e 
However, the last termT i (p L 2 − p L 1 ) can be re-expressed in terms of the product of the translation operators of p L 2 and p L 1 . We haveT
This yields the equation D ψ( k = 0) = D 2 e i(Ne−1)pqπ ψ( k = 0) which gives D = (−1) (Ne−1)pq . After establishing the constant D, we would like to now find the possible values that k can take. We remark that N e = pN and N φ = qN and hence:T
We know that T i ( L mn ) has fixed eigenvalue θ mn (which for identical particles does not depend on i). This means that the N 'th power of the relativeT i (p L mn ) operator has a fixed eigenvalue:
Having determined the constant D, we have D N = (−1) qNe(Ne−1) = 1. Hence e −i k· Lmn = 1, and we have as solutions
We now must ask how many of these solutions represent unique eigenvalues ofT i (p L mn ). Its eigenvalues are (−1) Nsλ (s − s 0 , λ(t − t 0 )) where s, t = 1 . . . N and λ = L x /L y is the aspect ratio, while the s 0 , t 0 are the quantum numbers belonging to zero momentum: exp(2πis 0 /N ) = exp(2πt 0 /N ) = (−1) pq(Ne−1) . This exhausts our discussion of the relative translation operators.
Having fixed θ 1 , θ 2 , k, we now ask if there are any other degeneracies? The answer is yes. Physically, this is because θ 1 , θ 2 define the single-particle Hilbert space while k is the principal symmetry quantum number of the relative wavefunction |ψ rel . Left untouched so far is the center of mass translational symmetry of the problem, or the center of mass wavefunction |ψ CM . In principle, we have diagonalized only theT i (p L mn ) but there are missing center of mass operators, T CM ( L mn /N s ) which also commute with the T i ( L mn ) operators and keep us in the same Hilbert space; also, any center of mass translation operator commutes with the relative translation operator, and hence we are well on our way towards finding other commuting operators. However, crucially, two center of mass translations T CM ( L mn /N s ) and T CM ( L m n /N s ) do not commute with each other and hence they cannot be simultaneously diagonalized. We hence must find the maximum set of T CM ( L mn /N s ) that can be diagonalized, which, per the above is equal to the maximally commuting set of T CM ( L mn /N s ). We can find out how many T CM ( L mn /N s ) are self-commuting by either brute-force calculation or by a smart argument. We start with the brute-force calculation of the commutator:
which vanishes iff (mn − nm )/q ∈ Z. Hence there are q values possible. If we require |ψ CM to be an eigenstate of
where L 0 is some particular primitive translation, the set of all center of mass translations that commute with
As Haldane mentions [19] , this is only one of the few resolutions of the center of mass degeneracy. The smart and quick argument which reveals the q-fold degeneracy is the following: we know that
and hence the eigenvalue of
is fixed once we have diagonalized θ 1 , θ 2 , k to be (−1)
Since only the q'th power of the eigenvalue is fixed, we see that there must be q center of mass operators (of different eigenvalues). If the eigenvalue of T CM ( L 0 /N s ) is λ, then the eigenvalues of the set of maximally commuting center of mass operators
. This completes the many-body theoretical symmetry analysis of the spectrum of Fractional Quantum Hall states. The section so far did not contain new material, although we believe and hope that the detailed and expanded description of the calculations present in [19] is useful to the reader.
Building the Hilbert space
On the torus, each Landau level has an identical number of states that it can accommodate. The operator for an electron at position (x, y) is ψ(x, y) = m,j φ m,j (x, y)c m,j where c m,j is the annihilation operator of an electron of momentum j in the m'th Landau level, and the φ m,j are the single-particle orbitals:
H m is the Hermite polynomial. In the above, we have picked the Landau gauge A = Bxŷ. While the single-particle orbitals given above are not normalized, it is crucial to notice that the normalization factor depends only on the Landau level index m and not on the orbital momentum j. This is a feature of the torus geometry, on the sphere the single particle orbitals depend on the angular momentum quantum number. For the lowest Landau level, to which we particularize, H 0 = 1. The translational properties of the single-particle orbitals (for a rectangular lattice
In order to obtain the action of the relative translation operators on the many-body states, we note the translational properties under translations by (N e − 1)p L mn /N e and by −p L mn /N e :
Ly qy φ m,j+q (x, y)
In the Landau gauge used, the guiding center translation operator T ( L) is related to the usual trans-
By switching variables in the integral, we have:
Using the properties of Eq [37, 38] , we can prove the following:
This was possible because there is no L x in the L = pL yŷ translation, and hence the factor exp(
The relative translation operator by pL xx ,T i (pL xx ) has the factor exp(
Ly q(N e − 1)y i ) if it acts on the particle i in the single-particle decomposition, which cancels the factor exp(−i Ne pL x , y j |m, j . We hence obtainT
We hence found that (in the Landau Gauge), the many-body Hilbert space vectors |j 1 , . . . , j Ne is an eigenstate of T i (pL yŷ ) with eigenvalue e i 2π N Ne i=1 ji dependent on the total momentum Ne i=1 j 1 ( mod N ). Due to the denominator N , the momentum is defined only mod N , which is an explicit way of seeing that the relative momentum BZ is made out of N k y momenta. Note however, and this is essential, that this does not imply that all states with identical Ne i=1 j i ( mod N ) belong to the same Hilbert space. In fact, only states with all Ne i=1 j i ( mod N φ ) belong to the same Hilbert space. The construction of relative translational symmetry-sorted Hilbert space proceeds as follows: First, write down all possible states |j 1 , . . . , , j Ne with no constraint other than no double occupancy of orbitals in the case of fermions. Now sort the Hilbert space into different sectors given by the constraint that each sector contains terms with identical
can be coupled by a momentum-conserving Hamiltonian. Since N Φ = qN , there will, in general, be more several sectors, with different
It is hence a mistake to first sort the Hilbert space first by sectors with identical Ne i=1 j i ( mod N ): this will result in a much larger number of free-many-body states per sector, because the states have yet to be sorted by
Once we have sorted the states by
for the elements in one sector (which has a momentum exp(−ik y L y /N ) = exp(i2π Ne i=1 j i /N ) exp(iπpq(N e − 1))) we must implement the translational symmetry in the other direction. As the translation operatorT i (pL xx ) takes |j 1 , . . . , j Ne into |j 1 + q, . . . , j Ne + q (which crucially, has a the identical
, and same thing with N φ replaced by N , so k y remains unchanged), we must form the orbits of this operator. This operation goes as follows: for every element of the set |j 1 , . . . , j Ne form all the elements |j 1 + qk, . . . , j Ne + qk with k ∈ Z. These elements form the orbit ofT i (pL xx ). Let the number of elements in an orbit be Z. We can form eigenstates of theT i (pL xx ) by taking combinations of the states in an orbit:
where n is an integer. The k y momentum of these states has been already established by the equation
). To establish the k x momentum, we note that
and hence the exp(−ik x L x /N ) = exp(i2πn/N ) exp(iπpq(N e − 1)), where n ∈ [0, . . . , N − 1] is an integer. These are the basis states explicitly translationally invariant with the relative translation operator. They allow a large simplification of numerical computation and explain the degeneracies observed in the spectrum of any translationally invariant Hamiltonian. We will come back in more detail to the explicit construction of a translationally invariant Hilbert space in the section .
The Density Algebra in the Lowest Landau Level
The results above can be put in an equivalent form when written in terms of the projected density algebra. In a similar way to how one defined the guiding center momentum K α = Π α − l 2 (ẑ × r) α , a guiding center coordinate R α (one-body operator) can be defined:
where r is the position of the particle. The guiding center coordinate is then related to the guiding center position and one can obtain the similar commutations:
We can not build a guiding center density operator:
It is known that this operator has several interesting properties. First, it satisfies the GMP algebra:
which is not surprising as it is just a re-statement of the guiding center translation operator:
The relation between the translation operators and densities means that all the many-body translation operators obtained in the previous section can be expressed in terms of the density operators. If we define the two fundamental
N φ with q mn = m q 1 + n q 2 , and [(ρ( q nm )) N φ , H] = 0. From here on, one can just copy the many-body formulation of the translation operators to obtain it in terms of the guiding center densities, and define a center of mass densityρ( q nm ) = Ne i=1 ρ i ( q nm ) and a set of self-commuting relative density operatorsρ i (pN φ q nm ) = ρ i ((N e − 1)pN φ q nm /N e ) Ne j =i ρ j (−pN φ q nm /N e ) which can be simultaneously diagonalized to obtain the relative momentum quantum numbers, an identical copy of the situation encountered in the translation operator example.
It is crucial to understand how the guiding center density relates to the usual density operator ρ 0 ( q) = exp(i q · r). It is easy to prove that, up to a factor, the guiding center density equals the projection of the usual density operator into the lowest landau level:
COUNTING OF ZERO MODES FOR THE READ-REZAYI AND OTHER MODEL STATES (AND QUASIHOLES) PER MOMENTUM SECTOR ON THE TORUS
In this section, we present a procedure which allows for the computation of the number of zero modes (groundstates and quasiholes) of many model FQH states resolved per each k x , k y momentum sector of the relative translational operatorsT i (pL xx ),T i (pL yŷ ). We aim to obtain this counting without diagonalizing the Hamiltonians for which these model states are exact zero modes. We aim to give a combinatoric procedure for counting the states that is valid and can be performed for any number of particles. All states whose quasihole counting satisfied a generalized Pauli principle in orbital space are amenable to our construction. In a future section, we will use this counting and the one numerically obtained from the FCI to check the emergent symmetry proposed in the FCI.
We work with a system of N φ orbitals. If that system was the sphere manifold, the problem of counting the zero modes of certain pseudopotential Hamiltonians can be related to the problem of counting partitions satisfying certain conditions. The same conditions, subject to another periodicity constraint, are valid on the torus. We now state and justify these conditions, which have been obtained in previous studies [21] [22] [23] [24] [25] [26] [27] [28] [29] . Fermionic/bosonic many-body wavefunctions of N e particles on any manifold can be expressed as linear combinations of Fock states in the occupation number basis of the single-particle orbitals. Each Fock state |λ can be labeled either by the list of occupied orbitals, λ, or by the occupation number configuration, n(λ). λ = [λ 1 , λ 2 , . . . , λ Ne ] is an ordered partition of (the z angular momentum L tot z on the sphere and) the one-dimensional momentum K = Ne i=1 λ i ( mod N φ ) on the torus into N e parts and each orbital with index λ j is occupied in the Fock state. We number the orbitals on the torus from 0 to N φ − 1, and hence each λ i belongs to this interval. By definition, λ i ≥ λ j if i < j, and re-ordering of the basis acquires the appropriate number of negative signs depending on whether the state is bosonic or fermionic. n(λ) is the occupation number configuration. It is defined as n(λ) = {n j (λ), j = 0, . . . N φ }, where n j (λ) is the occupation number of the single-particle orbital with (angular) 1 − D momentum j. In the unnormalized basis in the lowest Landau level on the torus,
where S is the process of symmetrization/anti-symmetrization over all indices i, j such that λ i = λ j . In this section, we will repeatedly use special kinds of partition -the so-called (k, r)-admissible partition. For bosons, a (k, r)-admissible partition labels a configuration whose occupation configuration has no more than k particles in r consecutive orbitals. For fermions, a (k, r)-admissible partition labels a configuration whose occupation number has no more than k particles in k + r consecutive orbitals and not more than two particles in two consecutive orbitals. For example, [2, 2, 0, 0] is a (2, 2)-admissible bosonic partition on the torus of N φ = 4, while 2, 1, 0, 0 is not. On the torus, due to its periodicity (the orbital of 1D momentum 0 is identified with the one of momentum N φ ) [2, 2, 0, 0] is not a (2, 2)-admissible partition on the torus of N φ = 3, as depicted in Fig. 1 .For obvious reasons, we call these admissibility rules generalized Pauli principles. Partitions satisfying Pauli generalized principles as the (k, r) one above, or other more complex ones play a prominent role in the physics of the FQH as it was proved that they count the Hilbert space of the quasiholes of many model FQH liquids. The number of (k, 2)-admissible partitions count the number of quasiholes of the Z k RR state, while the generic (k, r) case counts the number of Jack polynomials states. On the sphere, other concepts such as squeezing, etc are important, but they are not on the torus and we will not discuss them further, referring the reader to the existing literature [30] On the sphere and on the torus, the bosonic RR sequence at filling ν = k/2 here (see Sec. for other model states), are the unique, highest density zero-mode wavefunctions of (k +1)-body pseudopotential Hamiltonians [31] . Recent work [21] has shown the RR bosonic wavefunctions ψ to be Jack polynomials J α λ0 indexed by a parameter α = −(k + 1) and the densest-possible (k, 2)-admissible 'root' configuration [32] n(λ 0 ) = {k0k0k0 . . . k0k}. On the torus, no extension of the Jack polynomials exist, but the correspondence between zero mode and partition counting is still valid. One can imagine it does, as the admissible partitions implement a generalized Pauli exclusion statistics, which should be independent of the manifold on which the state resides. On the torus, at filling k/2, N φ = 2N e /k for the groundstate and bosonic (k, 2)-admissible partitions, we obtain the correct degeneracy (k + 1 for the Z k RR groundstates on the torus) by just counting the occupation number configurations with no more than k-particles in 2 consecutive orbitals
, and so on till [0 k 0 k.... 0 k]. Quasihole counting proceeds identically. Counting states through partitions in this way is usually referred to as the "thin"-torus limit, although we stress that this counting also applies for the sphere (where it can be analytically proved through the Jack-polynomial mapping), as well as for the finite size torus.
The counting of quasiholes for the Jack polynomial states proceeds as follows. First, in the 1D momentum on the torus, write down all the (k, r) partitions (r = 2 gives the RR series) λ = [λ 1 , . . . , λ Ne ] possible on the torus (remembering that the torus is periodic). Their number is the total number of the quasihole states for that flux. We now aim to resolve the partitions by assuming they represent states and check their properties under the relative translation operators. It is trivial to first resolve k y . To obtain all the states (unresolved in k x ) at a certain k y we sort the partitions based on the values of
Partitions with the same (N e − 1) ). Call such a set of partitions {λ ky }. We now must implement the translational symmetry in the x direction with momentum k x , which we do as in the previous section. From all the partitions {λ ky } we again form the orbits by taking all partitions [λ 1 +qs, . . . , λ Ne + qs], forming the orbit of number of elements Z and form the states
). Several important things must be taken into account: in the elements of one orbit, [λ 1 + qs, . . . , λ Ne + qs], one needs to bring them to the same form of decreasing elements. Note that this is not trivial as λ i + qs is defined mod N φ , and that it could involve sign changes for fermions. Also, for some n's the linear combination of the orbit's partitions might not exist, as some states make up single orbits. We will see this in the example below. For other orbits, the number of elements might be smaller than N , in which case again not all k x momenta can be present. By building the states |k x , k y one can clearly see which momenta are missing. After momentum resolving, we can easily count the number of states in each k x , k y sector. Note that while this procedure is constructive (we do not have a theoretical expression for the number of quasiholes per sector, but only a way to construct them), it is an analytic map from a series of admissible partitions in 1D to a two-dimensional relative momentum BZ.
A complete understanding of how the counting of quasiholes per sector works comes from working out an example. We will try to resolve the counting of quasihole states of a ν = 1/3 Laughlin state of two electrons N e = 2 on a torus of N φ = 12. The quasihole states are the zero-modes of the Laughlin quasiholes. Per our analysis above, the spectrum of any translationally invariant Hamiltonian has a (note N e /N φ = 1/6 is the filling of the system; the degeneracy comes from it, but we are looking at the quasiholes of the ν = 1/3 Laughlin state, and the counting will reflect that) six-fold degeneracy. We will aim to show that the counting of zero-modes satisfies this center-of-mass degeneracy. Note that the value of N e /N φ fixes the degeneracy while the specified FQH state whose quasiholes we try to find ν = 1/3 fixes the Pauli principle responsible for the counting. To start, we write down all the (1, 3)-admissible partitions in N φ = 12 orbitals of N e = 2 particles. There are 42 such configurations and they are given in Table[I] . Since N e /N φ = 1/6, by our theory, the spectrum should be 6-fold center of mass degenerate. The non-degenerate states should be resolved by k y and k x relative translation momenta, which each take GCD(N e , N φ ) = 2 values 0, 2π/L y and 0, 2π/L x . Per our procedure, we first sort the state into ones with values Table[II] presents the partitions sorted in such way (they can obviously also be read from the 5'th column of Table[I] Notice that the λi mod N = 0 sector (which is the equivalent of the k y = 0 sector, as (−1) pq(Ne−1) = 1 has 3 elements while the λi mod N = 1 sector (the k y = 2π/L y sector) has 4 elements. Notice how the counting of each of the k y = 0, π/L y sectors is q = 6-fold degenerate, as the theoretical symmetry analysis mentions. We now would like to implement the x translational symmetry to find the counting of Laughlin quasiholes per momentum sector. The same result will be obtained no matter which of the 6-fold degenerate sectors we pick.
We first look at k y = 0 sector with the states mapped by the partitions [8, 4] , [9, 3] , [10, 2] . To form the orbits we must look at all elements [λ 1 + qs, λ 2 + qs] = [λ 1 + 6s, λ 2 + 6s]. The orbit of [8, 4] contains [14, 10] ≡ [2, 10] (and obviously the orbit of [10, 2] contains [16, 8] ≡ [4, 8] ). Hence the two states [8, 4] , [10, 2] can be used to build momentum eigenstates: 
and hence this state has momentum k x = 0. Similarly, the state |1, k y has momentum k x = 2π/L x . Out of the original 3 states at momentum k y = 0, we now have to analyze [9, 3] . As it is a single state, it forms an orbit by itself. This is indeed true, as [9 + 6, 3 + 6] = [15, 9] ≡ [3, 9] = − [9, 3] . Due to the fermionic sign, this is state at momentum k x = 2π/L x . We have now determined that we have 1 zero mode state at momentum k x , k y = 0, 0 and 2 at momentum
Note that of course, our choice of which states to pick for the k y = 0 momentum is irrelevant, giving the same counting. If instead we had picked the set of k y = 0 states [9, 5] , [10, 4] , [11, 3] , then [9, 5] − [11, 3] would be the state at k x = 0, while [9, 5] + [11, 3] and [10, 4] would be the state at momentum k x = 2π/L x . This completes the symmetry analysis of the zero modes of 2 particles in N φ = 12 of the Haldane pseudopotential Hamiltonian for the Laughlin state at k y = 0. We now look at k y = 2π/L sector with the states denoted by the partitions [8, 5] , [9, 4] , [10, 3] , [11, 2] . The orbit of [8, 5] is [2, 11] ≡ − [11, 2] , while the orbit of [9, 4] Hence there are 2 states for k x = 0 and 2 states for k x = 2π/L x . The same counting would be obtained if we picked any of the other states at k y = 2π/L y . We have now given a combinatoric prescription for counting the states per momentum sector of the relative translation operators. For 2-particles in 12 orbitals the quasiholes of the Laughlin state have the following quantum numbers: 2 states in each of the k x , k y equal to 0, 2π/L y , 2π/L x , 0, and 2π/L x , 2π/L y momenta, and 1 state in the 0, 0 momentum. There is 6-fold center of mass degeneracy which multiplies these 7 states to obtain the total of 42 quasihole states.
As a last simple example, let us look at resolving the quantum numbers of the bosonic groundstates of the Haldane pseudopotential for the MR interaction for N e = 4 particles in N φ = 4 fluxes. As N e /N φ = 1 there is no center of mass degeneracy and the BZ of the relative translation operators is a 4×4 momenta. We first write down all the (k, r) = (2, 2) partitions (whose counting corresponds to the bosonic MR state) of 4 particles in 4 orbitals. They are, in occupation number 2020, 0202, 1111, totaling 3, the correct non-Abelian degeneracy of the MR state, and they correspond to the partitions λ = 
We now found that our combinatoric counting principle predicts that the zero modes of the Haldane pseudopotential for which the MR wavefunction is the groundstate are resolved by the relative translation operators into momenta k x , k y equal to (4π/L x , 0), (0, 4π/L y ) and 4π/l x , 4π/L y ). An exact diagonalization of the Hamiltonian confirms this.
It is immediately obvious that the current example can be easily generalized to all the (k, r) states. Our procedure allows for a combinatoric approach to resolving the number of quasiholes per momentum sector just by counting partitions. It goes beyond the usual counting on the 1D-torus momentum which can only give the total number of quasiholes per 1 D momentum. More examples and data for Abelian and non-Abelian states will be presented in the section which uncovers the mapping of FQH to FCI.
EMERGENT MANY-BODY SYMMETRIES IN THE FRACTIONAL CHERN INSULATOR
In this section we show the appearance of many-body translational symmetry operators in the FCI. We first rederive the result, obtained in [15] and rederived in [33] , that the long-wavelength algebra of the projected density operators in a Chern insulator has a GMP form when the Berry curvature variation is not large. We show that the non-commutativity of the projected density matrices is required by the nonzero Chern number in the nontrivial Chern insulator. We then show that the problem of a Hamiltonian with such a projected density algebra can be mapped into a FQH problem of a translationally invariant Hamiltonian superimposed on a background lattice of N x × N y (= N φ ) sites. We then show that this problem admits relative translational operators and momenta which are a folding of the ones obtained in the FQH case in the continuum.
One-body projected density algebra of an insulator
In this subsection, we re-derive the result obtained in [15] . We work with translationally invariant one-body Hamiltonians:
where α, β contain orbital and spin indices. We call α an orbital index. We now quickly introduce some conventions. Our Fourier transform sign convention is c kα = 
We then define the projector into the band n at momentum k by
Fractional topological insulators are usually constructed and observed in models with fractionally filled bands whose bandwidth is very small, such that interactions and not the kinetic energy dominate the physics. The ideal example of such an insulator is the flat band one-body deformation of any Hamiltonian insulator h(k):
From now on, we will consider the physics of the (fractionally) occupied bands and look only at projectors into the occupied bands. We define the density operator per orbital α at site j, ρ Notice that we do not shift the sum to put k +q/2, k −q/2 because, while perfectly suitable in the continuum, that would change the boundary conditions on a lattice at which q i is quantized in units of 2π/N i (i = x, y)
As we are interested in the low-energy physics in the fractionally filled bands, we define the projected density operatorρ n1,α,n2 k1,q,k2 = P n1,k1 ρ α q P n2,k2 which has the following form:ρ The full projected density involves a summation over the orbital α, and over the projection operators P = k,n P n,k :
Taking of two densities at momenta q and w, we obtain: 
We particularize to the low-wavelength continuum limit q << 1 (in lattice constant units). On a discrete lattice, low q represents a small integer combination of 2π/N i . In this limit, a Taylor expansion gives:
where ∂ denote discrete momentum derivatives. We expand the difference in Eq[56] in the wavelength limit, and use the identities α u
(valid for A ij a symmetric tensor), to find, after tedious algebra (presented in Appendix 1), that in the long wavelength limit:
where F n1,m2 ij is the non-Abelian field strength: 
The difference with the result of [15] is only apparent because we are working in the low wavelength limit q, w small and we kept terms to second order in q, w, to the order in perturbation theory that we are working at, we have that
b (k) = 1 which proves the equivalence between the formula in [15] and the above. The smallest q x , w y are q x = 2π/N x and q y = 2π/w y .
Before we investigate the full implications of this result, we point out three important results. First, the commutator of two densities has to be non-zero in a nontrivial Chern insulator. That is so because the Chern number of the insulator can be expressed as a trace over the density commutator, as shown in Appendix 2. Second, the commutator of densities at the smallest available lattice momentum 2π/(N x a), 2π/(N y a) with a the lattice constant is identical to the commutator of the projected X and Y lattice position operators, as shown in Appendix 3. The trace of this commutator is known to give the Chern number. Third, as a bonus, the expression of the Chern number in terms of the commutator of the projected X, Y coordinates allows for a direct derivation of the Chern number of the continuum Landau level, which was not possible with the usual TKNN formula for the Chern number which involve derivatives over the two momenta. We show this in Appendix 4
Girvin-MacDonald-Platzman Algebra for Insulators with Smooth Berry Curvature
We now particularize to two-band models (insulators with one band below and above the gap) or to many-band insulators where the non-Abelian components of the field strength can be neglected. We observe that the commutator in Eq[60] does not form an algebra as the right-hand side is not easily expressible in terms of a density operator. However, the commutator algebra has an eerie similarity to a GMP algebra at long wavelength. As pointed out in [15] , if the local Berry curvature can be replaced by its average:
where C is the band Chern number. We then observe that the field strength can be taken out of the sum in Eq[60], and, since to zeroth order in q + w, ρ q+w = k γ n † k |0 0|γ m k+q+w + O(q + w). The commutator algebra then becomes:
which is identical to the GMP algebra at small q. Several comments are now necessary: first, in a two-band insulator, it is impossible to have a constant Berry curvature due to the no-hair theorem [34] , although this seems possible in insulators with four or more bands [34] . However, we will from now on assume that this is indeed possible, and assume the validity, at low-energies of the GMP algebra for Chern insulators. We then observe that the density algebra for the Chern insulator is identical for low momenta to the one for the Landau level QH problem if:
where q, w are the smallest values of the momentum on the lattice: q = 2π/(N x a)x, w = 2π/(N y a)ŷ while q 1 = 2π L 2 /A, q 2 = −2π L 1 /A are the smallest momenta of the QH torus.
2 N φ is the area of the continuum torus BZ, (2π/a) 2 is the area of the BZ on the lattice, and we specialized, without loss of generality to a square lattice. Since the LLL has Chern number 1 (see Appendix 4), we also took C = 1. We hence have (
(2π/a) 2 = 2π/(N x N y ) which leads us to the equivalence of the GMP algebras for a Chern insulator with Chern number 1 on a lattice with N x , N y sites in the x, y directions and the algebra of the QH effect on a torus pierced by N φ flux quanta if :
An important remark should be made here. As pointed out in [15] , it is important to realize that there is no oneto-one mapping between the Chern insulator density algebra and the FQH one. First, the FCI density GMP algebra is valid only at long-wavelengths, and it will be our assumption that as system sizes reach thermodynamic limit, its application transcends the long-wavelength limit and it becomes an approximate symmetry of the system at all wavelengths. This is indeed justified posteriori by our extensive numerical checks, which prove the existence of center of mass degeneracies in the Chern insulator which would be possible only if the many-body translational operators obeyed GMP algebra for all wavelengths. Second, the number of density generators in the FCI and FQH differ (N s in the FCI, N 2 s in the FQH) [15] , but, as was pointed out in [15] , there are many instances when the significant physics is governed only by the N s operators in the FCI.
Fractional Quantum Hall to Fractional Chern Insulator Mapping
We now found that the constant Berry curvature Chern insulator density algebra is identical to that of electrons in a uniform magnetic field with number of fluxes N φ = N x · N y . Hence the translational symmetries of the two problems should share similarities. To complete the analogy, since the Chern insulator is defined on a lattice, and hence we need to introduce a lattice to the FQH problem. We are then led to consider the translational symmetries of the Hamiltonian in magnetic field:
with Π j = −i ∇ j − eA(r j ) = −i ∇ j + |e|A(r j ) the canonical momentum in the presence of a magnetic field. N e is the number of electrons in the system. We choose not to gauge-fix, and have ∇ × A = B. The positions of the particles, { r i }, reside on a two-dimensional torus of generators L 1 , L 2 . The Hamiltonian is periodic under translations by these vectors, V ( r i − r j ) = ( r i − r j + L 1,2 ) and can be written as a sum over the allowed reciprocal vectors q.
is the area of the sample, and q = m q 1 + n q 2 , m, n ∈ Z and
Aẑ × L 1 . We choose to work on a square lattice, without any loss of generality. If the Hamiltonian of Eq[65] was made out of only the first two terms, the symmetry analysis would have been identical to the one presented in Section 2 and the number of states of any model FQH state per momentum sector would have been obtainable by our constructive procedure of implementing the relative translational symmetries in both x, y directions on the (k, r)-generalized Pauli principle states.
The last term of Eq[65] implements the lattice with N x sites in the x direction and N y sites in the y. The lattice constants in the x, y directions are l x = L 1 /N x , l y = L 2 /N y . It makes electrons energetically favorable (for large negative V 0 ) to sit on lattice sites, and it makes the momenta in the x, y direction take the discretized set of values ( q ·x, q ·ŷ) = (2πi/(N x l x ), 2πj/(N y l y )) with i = 0, . . . , N x , j = 0, . . . , N y , which also serve as the momenta of the many-body states. The problem defined by Eq[65] is similar to that of the Chern insulator: it has the same density algebra in the long wavelength limit, the same lattice and the same translationally invariant Hamiltonian. The twobody Hamiltonian can be replaced by an n-body Hamiltonian, as long as it is translationally invariant. A physical assumption is then the fact that the low-energy spectrum of the FQH and FCI problems (when the FCI problem has a topologically ordered groundstate) will be similar. More to the point, we take it as a proof of the topological nature of the FCI state that the low-energy manifold of states has the identical counting, per momentum sector to that of the FQH states at the same filling in the presence of the lattice in Eq [65] . We now find what that counting is.
The presence of the lattice influences the symmetries of the problem. The set of continuum translation operators T i ( a) are not valid unless a is a multiple of the lattice constants l xx , l yŷ . Hence translational symmetry operators are T i (m x l xx ), T i (m y l yŷ ). Although the one-body terms of the Eq[65] commute with T i (l xx ), T i (l yŷ ), due to the many-body interacting term (which does not commute with those operators), the Hamiltonian still commutes only with T i (N x l xx ), T i (N y l yŷ ). The Hilbert space is described by the two twist parameters:
As the number of fluxes per unit cell plaquette is N φ /(N x N y ) = 1, the translational operators of unit cell length commute:
y is smaller than the permissible lattice constant. Hence the center of mass translation operators commute between themselves and theexact q-fold degeneracy apparent in the continuum FQH is reduced to a one-fold degeneracy of any sector (in other words, we will not have exact degeneracies anymore). However, if by adding the lattice we still remain in the FQH state, then remnants of the original degeneracies and spectrum in the continuum should appear even after adding the lattice. In particular, we know the counting of the degenerate zero-mode quasihole states (for FQH series such as RR) in the continuum, where they are zero-modes of pseudopotential Hamiltonians. We now try to find what the counting on the lattice momentum.
As we know the counting of the FQH per continuum momentum of the relative translational operators, we now try to implement the relative translational symmetries of the problem. The relative translation operators in the continuum,T i ( a) = T i ((N e − 1) a/N e ) Ne j =i T i (− a/N e ), make sense only if a/N e is a multiple of l x or l y , and hence the relative translation operators by the smallest amount are:
and similarly for l y . We now ask two questions : do these operators commute with T i ( L 1 ), T i ( L 2 ) and do they commute with the Hamiltonian of the problem? The answer to the first question is an unequivocal yes, as
. The answer to the last question is no, becauseT i (N e l xx ) commutes with exp(i q·( r j − r l )) when j, l = i as it translates both coordinates by the same amount but does not commute with exp(i q · ( r i − r l ))
since q ·x = 2πj/N x l x , j = 0, 1, . . . N x , and hence N e l x = 2πN e /N x ; an identical situation obviously occurs for T i (N e l yŷ ). As N e , N x , N y are integers, we now define several important ratios and common denominators:
The q x , q y are integers and should not be mistaken for the components of a q momentum vector. Fortunately, this mistake is hard to do from the context. There are obvious relations between the above and N = GCD(N e , N φ ), N e /N φ = p/q, but we will come to this later. It is then clear to see which relative translation operators commute with the Hamiltonian:
These operators commute with both translations and the Hamiltonian. They also commute between themselves and hence can be diagonalized (remember that in the Chern insulator, the commutations are only approximate, lowenergy properties, as the GMP algebra is valid only at long wavelength). We now ask how many eigenvalues of these operators are independent. We use the same reasoning as in the continuum limit and assume that the many-body state experiences, when acted upon by
, an increase in its momentum by Q as long as Q is an allowed lattice momentum exp(iQ x L 1 ) = exp(Q y L 2 ) = 1. The eigenvalues λ k
can be easily obtained by following the continuum proof closely and satisfy λ(k) = D exp(−i(k y q y l y − k x q x l x )). The coefficient D can be determined by requiring that the k = 0 state has maximum lattice symmetry, and hence
. From here we obtain that D = (−1) qxqyNe(Ne−1) = 1 (notice the difference from the continuum case, in which D could be both 1, −1). To obtain the values of different relative momenta, we notice that:
which implies exp(−ik x q x N 0x l x ) = exp(−ik y q y N 0y l y ) = 1. Expectedly, k x = 2πj/N x l x and k y = 2πj/N y l y with j = 1, 2..... Now that we obtained the values of the different momenta, we can ask how many of these eigenvalues are distinct. The eigenvalues appear as exp(ik x q x l x ) = exp(i2πjq x /N x ) = exp(i2πj/N 0x ) and similarly for the y component, so the number of distinct momenta resolving the relative translation symmetry is:
This defines a N 0x × N 0y BZ. The momenta of the relative translational operators of the FCI,
Nyly , l = 0, . . . , N 0y −1 are in fact foldings of the
Ly , l = 0, . . . , N momenta of the FQH. To show this, we first note that both N 0x , N 0y divide N . Indeed, since GCD(N x , N e ) = N 0x , GCD(N y , N e ) = N 0y , and (N s , N e ) = (N x N y , N e ) = N , we have that GCD(N x N y /N 0x , N e /N 0x ) = N/N 0x = GCD(q x N y , p x N 0x ), which proves that N/N 0x is an integer and similarly for N/N 0y . With N e /N s = p/q, we have N e = pN = p x N 0x and hence N = p x N 0x /p = p y N 0y /p we have that the FCI momentum quantum numbers k x , k y of the relative translation operator are a p x /p, p y /p folding of the FQH momentum quantum numbers in the x, y directions respectively. We have hence taken care of the relative momentum quantum numbers.
In the FQH in the continuum there is a center of mass degeneracy of q. This center of mass degeneracy comes from the non-commutativity of the continuum center of mass translation operators T CM ( L mn /N s ). On the lattice, we also know that since:
the eigenvalue of T CM (q x l xx ) is fixed once k x and θ x are known (similarly for T CM (q y l yŷ )). Since we have already resolved the motion in the N 0x × N 0y Brillouin zone, we have a remainder of q x × q y momenta to reach the full lattice BZ of N x × N y . T CM (l xx ), T CM (l yŷ ) form a maximally commuting set of center of mass operators which can be simultaneously diagonalized (note that in the FQH T CM ( L mn /N s ) could not be simultaneously diagonalized) and which commute with the Hamiltonian, so no exact degeneracies are generically present. However, if the system is in the same universality class as the FQH, the low-energy modes will then exhibit a center of mass q x quasi-degeneracy in the x direction and q y quasi-degeneracy in the k y direction. This degeneracy, as well as the relative momentum, make up the full BZ of the N x × N y lattice. Note that in the lattice example, all translation operators commute with each other (courtesy of unit flux per unit cell), so in effect we could just diagonalize those. However, we choose to build the relative translational operators because in the continuum case we already know the counting per the momentum quantum number attached with these operators in the FQH. To obtain the counting of the eigenstates per FCI relative momentum, one needs to fold the FQH relative momentum BZ. This folding now needs to be supplemented by the miss-match in the center of mass degeneracy. In the FQH, the center of mass degeneracy is q; in the FCI, it is q x q y . In Appendix 5 we show that q/(q x q y ) is an integer number. The counting of states in the low manifold, sorted, per FCI relative momentum sector is a folding of the FQH relative momentum BZ times the mismatch in center of mass degeneracy q/(q x q y ).
In conclusion, the diagonalization of a Chern insulator at fractional rational filling should exhibit, in the topologically ordered phase, a low-energy manifold of states with counting which encodes the topological character of the state. Per momentum sector, the counting is 3 states if ky is divisible by 2 and 4 states otherwise, irrespective of kx (there are degeneracies in the spectrum, for example, there are 5 states at momentum (0, 0), the low-energy manifold being 3-fold degenerate with zero energy low-energy manifold of states is a result of the emergent translational symmetry of the system that the long wavelength GMP algebra implies. For a N x × N y lattice with N e electrons, the states in this low manifold will experience an emergent center of mass degeneracy, with the spectrum being q x × q y quasi-degenerate (in the k x , k y direction). If the state developing in the system is at filling p/q, the low-energy manifold will contain either the groundstates or the quasihole excitations of this state. Once the center of mass degeneracy is resolved, the spectrum of the FCI per relative momentum sector is a folding of the spectrum of the FQH relative momentum BZ. We present clear examples of this procedure in the next subsection for the FCI at 1/3-Abelian topological order before presenting numerical data on the Abelian and non-Abelian FCI states.
Two Simple Examples of the FQH to FCI Mapping
We now look at two simple examples of how the analytical construction in the previous sections can be applied to the numerical data in both the energy and the entanglement spectrum. The counting per momentum sector can be obtained from our FQH to FCI mapping. Lets first look at the specific case of such counting for N x × N y = 3 × 4 lattice Chern insulator model of [20] diagonalized in the flat-band limit [8] with N e = 2 electrons and nearest neighbor (on-site being forbidden) Hubbard interaction. This interaction favors a 1/3 Abelian state, which we know occurs in the FQH state for short-range repulsive pseudopotentials. As the state contains only 2-particles, we expect that the physics is that of 2-electron ν = 1/3 Abelian FQH state plus a number of 6 quasiholes. The physics also reveals the structure of the pseudopotential two-body interaction in the FCI. The spectrum, shown in Fig[2] , confirms this. We observe a clear gap between a low-energy manifold of states and a high-energy manifold of spurious states. We focus on the low-energy manifold. By looking at the numerical data (Fig[3] , which includes degeneracies), we see that the low-energy manifold exhibits a counting of states of either 3 or 4 states per momentum sector, depending on whether k y is divisible or not by 2, as can be seen in Fig[3] . This clearly shows that the spectrum is 6-fold degenerate, and more-over, that this degeneracy splits in a k x -3-fold degenerate and a k y -2-fold degeneracy. This is consistent to our analysis, for N e /N x = 2/3, N e /N y = 1/2 which fix q x = 3, q y = 2. Since the GCD(N x , N e ) = 1, while the GCD(N y , N e ) = 1, the relative momentum BZ is made of k x = 0 and k y = 0, 2π/(N y a) where a is the lattice constant in the y direction. In this BZ, the counting of states is 3, 4 respectively, while the whole counting in the full BZ of the FCI lattice is a 3 × 2 center of mass translation of this in the x, y directions respectively (see Fig[3] ). In the FQH effect, N e /N s = 1/6 and hence the center of mass degeneracy of q = 6 (= q x q y ) and there is no [20] with nearest neighbor interaction is given on the left. The counting of the low-energy manifold of states exhibits clear center of mass degeneracies and the relative momentum BZ of the FCI is a 1 × 2 BZ. The counting per momentum sector in this BZ is a folding of the counting of zero modes of the Haldane FQH pseudopotential whose highest density state is the Laughlin state. This implies that the universality class of the FCI state is the same as that of the ν = 1/3 state.
center of mass degeneracy mismatch between the FQH and the FCI. The FQH relative momentum BZ that remains after the center of mass degeneracy is removed is a 2 × 2 BZ (GCD(N s , N e ) = 2). The Laughlin 1/3 Abelian FQH counting of quasihole states analysis was already presented in Table[I] . In that section, we found that for 2-particles in 12 orbitals the quasiholes of the Laughlin state have the following quantum numbers: 2 states in each of the k x , k y equal to 0, 2π/L y , 2π/L x , 0, and 2π/L x , 2π/L y momenta, and 1 state in the 0, 0 momentum. There is 6-fold center of mass degeneracy which multiplies these 7 states to obtain the total of 42 quasihole states. Our theory then implies that the counting of the FCI per relative momentum sector is a p x /p = 2-folding of the FQH relative momentum BZ. This folding gives a 2 + 1, 2 + 2 counting for the k x = 0 and k y = 0, 2π/(N y a) momenta respectively, which perfectly agrees with the numerical data (see Fig[3] ). For larger number of particles and quasiholes, the cleanest example of the low-energy manifold of states whose imprint characterizes the topological order is seen in the (particle) entanglement spectrum of a FCI groundstate. The particle entanglement spectrum of the groundstate reveals the physics of the excitations of the system in the particular topologically ordered state of the groundstate. It is more robust than the actual energy spectrum because the latter can exhibit aliasing effects due to other states at nearby fillings. Since the Hamiltonian used to obtain the spectrum is not a "model" Haldane pseudopotential Hamiltonian but a generic Hubbard-like one, adding too many ndstates of the Coulomb interaction tanglement spectrum shows that the mselves know of the fractional nature the Fractional Chern insulator. The ation of the entanglement spectrum quantity is fundamentally useful tophysics of strongly-correlated states H model wavefunctions. ides some insight about the system f sites in one direction is equal to 3. tanglement gap is observed and the gap matches but only for N A = 2 larger values of N A , the number of is lower than expected. This strongly small aspect ratios where the ration te is not a fully developed fractional indeed, by our previous arguments, roblem is not even a well-developed ator. In the case of the other aspect any value of N A and any system sizes ctly matches the predicted counting. s N x × N y = 6× 5 and 6 × 6, the (1, 3) nting matches the ES data for each or all N A = 1, 2, 3, 4, 5. The perfect that this state is a Fractional Chern O THE TRIVIAL INSULATOR term above the 4t 2 threshold yields ically equivalent to the atomic limit, uctance. Partially filling this insula-, we find no clear 3-fold degenerate o clear gap to the excitation spec-]). In the interacting problem, gap pens more quickly than M = 4t 2 , e many-body gap is expected to be ngle-particle one. The evolution of with the parameter M is plotted in sectors. This is in agreement with the (1, 3) Pauli principle for every momentum sector. Figure [15] . In the atomic limit M → ∞, sites B have an energy −M and all the particles are strongly localized on those sites. If all sites B were occupied and sites A unoccupied, the filling would be 1/2, and hence as we are at a smaller filling 1/3, and as the interaction couples sites A and B, the groundstate will be highly degenerate. We see that the many-body gap as a function of M has a collapse at exactly the value of M at which the one-body transition takes place. We also plotted the entanglement gap as a function of M in Figure [16] . The entanglement gap tracks the energy gap and collapses also at the same value as the many-body and single-particle energy gap. quasiholes to the system can, in the energy spectrum, take us to a state at a different filling (with different quasihole counting). However, the entanglement spectrum will keep the topological order (filling) of the original groundstate, and reveal directly the quasiholes of that state. For example, if we are looking at the energy spectrum of 4 particles in 36 orbitals on the lattice, it is possible that instead of seeing the spectrum of 4 electrons in a 1/3 Abelian state with 24 extra-quasiholes, we could, since the interaction is generic Hubbard, obtain the spectrum of 4 electrons in a filling-1/9 Abelian state or 4 electrons in a filling 1/7 state with 8 extra-quasiholes. However, the particle entanglement spectrum of the groundstate with N = 12 particles in 36 orbitals (filling 1/3) would reveal the physics of the excitations of an Abelian 1/3 state if we look at the particle entanglement spectrum (described below) of N A = 4 particles versus the rest. The spectrum of the Chern insulator at 1/3 filling has a quasi-degenerate (3-fold, as our analysis would imply) groundstate, at momenta consistent with the folding rule (we wont expand on this rule for the groundstate, as we will give the much more complicated quasihole example). The 3-fold degenerate groundstate of the system contains information about the Abelian Fractional 1/3 character of the excitation spectrum. This comes out of the recently developed entanglement spectrum [11, 12] which for a single non-degenerated ground state |Ψ can be defined through the Schmidt decomposition of |Ψ in two regions A, B (not necessarily spatial): are the eigenvalues and eigenstates of the reduced density matrix, ρ A = Tr B ρ, where ρ = |Ψ Ψ| is the total density matrix. There is no generalization of the Schmidt decomposition (75) to degenerate groundstates but definition of the entanglement spectrum (ES) through the reduced density matrix still holds. We want to build a density matrix which commutes with the total translation operators -a desirable feature if we want to sort the ξ i with respect to the momentum quantum numbers. Such a condition is satisfied [11] by the incoherent summation over the degenerate groundstates ρ = 1 3 i |Ψ i Ψ i |. Depending on whether the A and B regions are real, momentum or particle space, the ES reveals different aspects of the system's excitations. If the regions A, B are regions of particles, it can be proved [11] that the particle entanglement spectrum obtained by tracing over the positions of a set of B particles gives information about the number of quasiholes of the system of N A particles and number of orbitals identical to that of the untraced system. In the case of the usual FQH, the particle entanglement spectrum of a model state (such as Laughlin, MR, etc) contains an identical number of levels as those of the quasiholes, thereby providing a numerical check of our analytic proof [11] . Away from the model states (the Coulomb ground state, for example) the ES may exhibits an entanglement gap [12, 35] . It separates a low-energy structure with perfect quasihole counting and and a high entanglement energy nonuniversal part. But a clear and significant gap is not always observed, even for the ν = 1/3 Coulomb state.
Surprisingly, for the Fractional Chern insulator, the situation is much better: in a previous work [8] , we observed a clear, large entanglement gap between a manifold of low entanglement energy levels and a manifold of high entanglement energy levels. Moreover, the counting of the levels below the gap is identical to the counting of quasiholes of N A particles in N x N y orbitals. We show this for a large-size example. Out of the 3-fold quasi-degenerate groundstate of 12 particles on the Chern insulator on the checkerboard lattice with N x × N y = 6 × 6, we build the density matrix and construct the entanglement spectrum for N A = 4 particles. The one-body Chern insulator model of [20] presented in Eq[78], with a two-body nearest neighbor Hubbard U = 1 interaction in the flat-band limit is used to generate the 3-fold quasi-degenerate groundstates. The entanglement spectrum has a gap (see Fig[4] ); the counting of the low-energy manifold of states below the dot-ted line is 741 in momentum sectors where N x ( mod 2) = N y ( mod 2) = 0 and 728 elsewhere. The total number below this line (26325) exactly matches the number of (1, 3)-admissible configurations of 4 particles in 36 orbitals. The counting per relative momentum sector is a folding of that of the zero modes in the FQH state, as the complete analysis of Fig[4] shows.
As said in our previous paper [8] , we find it very revealing that the FCI groundstates obtained here contain much clearer information (large, clear entanglement gap) than the groundstates of the Coulomb interaction in the FQH. The entanglement spectrum shows that the groundstates by themselves know of the fractional nature of the excitations in the Fractional Chern insulator. The current clean application of the entanglement spectrum also shows that this quantity is fundamentally useful towards revealing the physics of strongly-correlated states besides the usual FQH model wavefunctions. This is even crucial in this case since, despite several attempts [36, 37] , there is no analytical expression of the Laughlin state for the FCI to compare with.
NUMERICAL PROOF OF EMERGENT SYMMETRIES IN ABELIAN AND NON-ABELIAN FRACTIONAL CHERN INSULATORS
In the current section, we expand our numerical analysis of FCI states to the non-Abelian case and show that the counting rule obtained in the current analysis is robust. We perform exhaustive numerical calculations of both the energy and the entanglement spectra for several interactions at the specific filling where non-Abelian states are expected. The calculations serve as both a numerical check of our emergent translational symmetry principle, as well as the first proof of principle that non-Abelian states can be stabilized in a fractionally filled Chern insulator.
For our one-body model, we pick the Chern insulator on a checkerboard lattice, first introduced in [9, 10, 20] . This model already exhibits weak dispersion of the bands (see Fig[5] ) like several other models [38] [39] [40] . But because we work in the flat-band limit, this is not essential to our calculation. With A, B being the two sites in the unit cell, the one-body, two-band Hamiltonian reads [20] : where the d i (k)'s are:
In the original model [20] there is an additional diagonal term -4t 3 cos(k x )cos(k y ) -which shrinks the dispersion of the bands, thereby making them flatter, but does not matter for the eigenstates; since we are diagonalizing in the flat-band limit, we neglect such a term. φ is the phase factor added to the nearest neighbor hopping, while the parameter M is a mass term added in order to drive the transition from a topological Chern insulator (for M = 0) to a trivial atomic limit insulator when M → ±∞. The model is always gapped (for t 1 , t 2 , φ not vanishing) with the exception of the points k x = 0, k y = π, M = −4t 2 and k x = π, k y = 0, M = 4t 2 which are gapless and where the phase transitions between the atomic limits M → ±∞ and the Chern insulator phase occur. For |M | < 4|t 2 | the filled valence band has a Hall conductance of 1. The single particle Hamiltonian matrix has the following symmetries: inversion with identity inversion matrix h 1 (−k x , −k y ) = h 1 (k x , k y ), as well as (at M = 0) a certain type-of particle hole symmetry coupled with a C 4 rotation and a mirror operation: σ z h 1 (k x , k y )σ z = −h 1 (k y , k x ). Due to the presence of fractions k/2, the model in [20] is not in Bloch form. To render it in Bloch form, we perform the gauge transformation c kB → c kB exp(−i(k x − k y )/2) to obtain:
The inversion symmetry of h 1 (k) translates into a symmetry of
with U (k) a diagonal 2 × 2 unitary matrix with 1, e −i(kx−ky)/2 on the diagonal. To eliminate the effect of the band curvature, and to allow the filled particles to democratically sample the whole BZ, we always work in the flat-band limit of a topological insulator. This corresponds to keeping the single particle eigenstates of h 2 (k) but putting the energy of the occupied bands to be an arbitrary energy ±E 0 where E 0 > 0. At the Hamiltonian level, we transform from
where P ± are the projectors onto the occupied and unoccupied bands. The energy difference between the valence and conduction bands can hence be made large without changing the eigenstates of the system.
We now fractionally fill the flat valence band of this insulator and add interactions. We diagonalize the interaction Hamiltonian directly in the filled band, neglecting the conduction band. This is similar to the Lowest-Landau Level (LLL) projection in the usual Fractional Quantum Hall Effect. Several interactions we use are:
Bonus stage : the Moore-Read state where A, B are nearest neighbor A, B sites. In the current section we also use other many-body interactions such as three-body:
where B 1 , B 2 are the two nearest neighbors of the site A and A 1 , A 2 are the two nearest neighbors of the site B. The first of the 3-kinds of four-body interactions used in our exact diagonalization reads (see Fig[5] ):
where B 1 , B 2 are the two nearest neighbors of the sites A 1 , and also of the site A 2 . The other two four-body interactions used which we denote H four-body 2 , H four-body 3 can be easily understood from Fig [5] . All the numerical calculations are performed with t 2 = (2 − √ 2)/2t 1 as discussed in [20] . The total translation operators in the x, y directions commute with both the single and many-body Hamiltonian and hence the eigenstates are indexed by total momentum quantum numbers (K x , K y ) which are the sum of the momentum quantum numbers of each of the N particles modulo (N x , N y ). The basis states are
. . . γ † −, k N |0 (we work in the "LLL", and the γ † −, k 's are the creation operators for a particle of momentum k in the valence band). When acting on the basis states, the c k,α = u −,α, k γ −, k where u −,α, k is the α = A, B component of the eigenstate of the occupied band of h 2 (k) or h F B 2 (k) (they have identical eigenstates). Diagonalizing directly in the valence band provides for large numerical efficiency, allowing us to go to very large system sizes. The inversion symmetry of the single particle problem is maintained at the interacting level, and the interacting spectrum has an exact (K x , K y ) → (−K x , −K y ) symmetry which can and has been used as checkup. The H two-body has been used to obtain the Abelian, filling 1/3 FCI topological state.
We now use H three-body and, borrowing from FQH experience, we look for the MR Pfaffian at filling ν = 1/2. We diagonalize H three-body for up to N = 14 particles on a N x ×N y = 7×4 lattice, and present the spectrum in Fig[6] . The spectrum is separated into a six-fold quasidegenerate groundstate (at momentum (0, 2) we have four states, separated into two exactly degenerate doublets) at momenta consistent with our FQH to FCI mapping (in this case we also have to use the center of mass degeneracy mismatch factor, which is 2). A clear and detailed presentation of the resolution of states in momentum sectors is shown in Fig[6] . Both the number of groundstates and their momenta are consistent with the MR Pfaffian state, with a large gap separation to the continuum of states. We now add quasiholes to the system, by performing the diagonalization of the 3-body Hamiltonian for N e = 12 electrons on a N x × N y = 5 × 5 lattice. This represents the addition of one flux quantum to the system. The spectrum is seen in Fig[7] , and we observe a low-energy manifold of states (below the dashed line) with 7 states in each momentum sector separated by a clear energy gap from a high-energy continuum of states. This is indeed the correct counting for the non-Abelian quasiholes of the MR state based on our emergent symmetry principle. We then close the analysis of the MR state by looking at the particle entanglement spectrum of the N e = 14, N x = 7, N y = 4 degenerate states when the number of particles not traced out of the system is N A = 6. By our theory, this spectrum should show the counting, per momentum sector, in a low energy manifold of the quasiholes of the MR state for 6 particles in 28 orbitals . The results are presented in Fig[8] , where we again see that a low-lying manifold of states is separated by a gap form a manifold of spurious continuum. The number of states per momentum sector below the dotted line in Fig[8] is 8463 in the even k y sectors, 8486 in the odd k y sectors, the correct numbers of non-Abelian quasiholes predicted by our FQH to FCI mapping. We conclude that we have presented sufficient proof that the FCI state at half-filling with three-body potential is of MR type in the FCI. We now move to the four-body interaction. The Z 3 RR state occurs at filling factor 3/5. We have performed the calculations up to N = 15. Fig. 9 shows the energy spectrum for N = 15 with a lattice size N x = N y = 5. We see a tenfold low energy manifold at momenta consistent with our FQH to FCI mapping, clearly 28 separated from the higher energy continuum. The particle entanglement spectrum of this groundstate manifold is given in Fig. 9 . While all N A sectors display a full entanglement gap, we have chosen the N A = 5 sector. This case exhibits an identical counting (2050 states) in all momentum sectors except in the (k x = 0, k y = 0) sector where the counting is 2055. Once again, this result is in agreement with our FQH to FCI mapping.
CONCLUSIONS
In this manuscript, we have explained the emergent translational symmetry apparent in the low-energy manifold of states of a fractionally filled Chern insulator when the insulator exhibits a topologically ordered state. We have shown that the one-body GMP algebra obtained at long wavelength in [15] maps the problem of a Chern insulator on a N x × N y lattice in the problem of a FQH state in the LLL with number of fluxes N s = N x N y piercing the torus and with a periodic background potential superimposed on the many-body potential already present in the system. We revisited the continuum FQH problem and presented a detailed derivation of the many-body relative translational symmetries in the system (after the center of mass motion is taken out) presented in a classic paper by Haldane [19] . We then showed that the BZ of the FCI is just a folding of the one for the FQH, and pointed out the direct connection between the center of mass degeneracies in the FCI and those in the FQH. This FQH-FCI map allows us to compute the number of states that arise per momentum sector of the FCI if the FCI is in the same topological phase as the FQH. We showed how to obtain, in the FQH effect, the counting of quasihole states per 2D relative momentum sector for a large series of states exhibiting a generalized Pauli principle [21] . These states include the Laughlin, MR and RR series, as well as the Jack polynomials states, the Haffnian [41] , and many others, including extensions to spin-unpolarized states [42, 43] . The counting construction makes use of only combinatoric methods and involves counting partitions. We showed how to use the combinatoric counting rule and the FQH-FCI map to obtain the number of states per momentum sector in both the energy and the entanglement spectrum of the FCI at filling 1/3. We then proceeded on a comprehensive numerical analysis of the spectra of Chern insulators with three and four-body interactions. We provided a proof of principle that Moore-Read states and Read-Reazayi Z 3 non-Abelian states can be stabilized in Chern insulators and provided a numerical check of our FQH-FCI mapping.
In this appendix, we prove in detail that 
The zeroth order term in q cancels. We now group the first and second order terms. The first order terms are: 
We now take the trace of the above to obtain: Ny the lowest value for the momenta one can obtain on the lattice. Hence the Chern number can be expressed as the long-wavelength limit of the commutator of the projected density operators in the lower sub-band. An alternative way of presenting this result is by using the position operator in the X direction:
where by ∆kj we mean ∆ k · j. The projected density operator in the lowest band is:
Hence the projected density operator for ∆q = 2π/N x equals the projected position operator. There is an alternate expression for the projected position and density operators. They are translational operators in k-space: P XP |k, n = ρ ∆q |k, n = u 
For one occupied band, the density or position operators just translate the band at different momentum, whereas for more than one occupied bands, the translation is accompanied by a rotation. We now see that: We outline how a simple calculation for the Chern number of lowest Landau Level. The wavefunctions for the landau levels in the continuum do not have two momenta k x , k y , and hence the momentum expression for the Chern number cannot be used. We obtain the Chern number as: 
31 where in the LLL we have the expressions P XP = 1 √ V P e i∆xx P = P e i∆x(z+z)/2) P, P Y P = 1 √ V P e i∆yy P = P e ∆y(z−z)/2) P (100)
